Abstract: For the computationally challenging task of synthesizing supervisory controllers for hybrid systems, this paper suggests to use guided abstraction refinement. Starting from a discrete abstraction of the hybrid model, so-called candidate paths are determined as possible controlled evolutions which satisfy given specifications for safety and goal attainment. A specialized validation procedure is used to check if the corresponding control strategies satisfy the specifications also for the original hybrid system. If not, the abstract model is refined according to the validation result. Since different validation methods (with different computational costs) are used, reachable hybrid sets have to be computed only for relatively few combinations of control inputs and locations of the hybrid automaton.
INTRODUCTION
This paper addresses the task of computing supervisory control strategies for hybrid systems with nonlinear continuous dynamics. Supervisory control is here understood as the closed-loop setting, in which the hybrid plant generates an event when its continuous state reaches an event set, and the controller immediately returns a discrete control action which determines the further evolution of the hybrid plant. A number of approaches considering this task have been published recently, see e.g. (Asarin et al., 2000; Gonzalez et al., 2001; Koutsoukos et al., 2000; Koo et al., 2001) . Most of these approaches establish extensions of the supervisory control theory for discrete systems (Ramadge and Wonham, 1989 ) to hybrid models, and involve the step of determining which hybrid states are reachable under the influence of a discrete control action. Techniques to accomplish this step include level set methods (Trontis and Spathopoulos, 2003) , viability methods (Bayen et al., 2002) , and computing ellipsoidal or polyhedral inclusions of reach sets . However, these techniques are known to be computationally expensive, and to scale badly with the dimension of the continuous state space -an objective for improving the efficiency of controller synthesis is thus to reduce reach set computation as much as possible.
For this reason, a synthesis approach employing the concept of guided abstraction refinement is proposed here. As described in the context of verification (Clarke et al., 2003) , the principle is to use a discrete abstraction to search for evolutions (counterexamples) which violate a given property. Only for these evolutions the hybrid dynamics is investigated, in order to validate that the property is not satisfied for the hybrid model. As described in , applying a set of different validation methods with different computational costs can lead to the advantage that reach set computation is required only for a small portion of the state space. If the steps of computing counterexamples, validation, and refining the abstract model based on the validation result are applied iteratively, the analysis task can often be solved with a relatively low overall effort.
The concept is modified here for the purpose of controller synthesis: a discrete abstraction of the hybrid model is searched for candidate paths which encode control strategies that potentially fulfill safety and goal attainment specifications for the controlled system. The validation methods check if it is guaranteed that the hybrid evolutions, which correspond to the candidate path, meet the specifications. Also here, the outcome of the validation step is used to refine the abstract model (and thus affects the search for further candidate paths).
The method presented here is similar to the concept of l-complete abstractions, as described in (Moor et al., 2002) . However, the type of abstraction as well as the methods for validation and refinement follow different principles.
PROBLEM STATEMENT AND MODEL TRANSFORMATION
The investigation considers the following type of hybrid automaton with discrete inputs:
Def. 1: A hybrid automaton with discrete inputs is given by HA = (X, Z, V, γ, inv, Θ, g, r, f ) with:
• the continuous state space X ⊆ R nx and x ∈ X; • the finite set of locations Z = {z 1 , . . . , z nz };
For all pairs of transitions (z 1 , •) ∈ Θ, it is required that the corresponding guards are disjoint;
• a linear reset function r : Θ×X → X, assigning x ∈ X to each (z 1 , z 2 ) ∈ Θ and x ∈ g((z 1 , z 2 ));
The states x k := x(t k ), locations z k := z(t k ), and inputs v k = v(t k ) are defined on an ordered time set T = {t 0 , t 1 , t 2 , . . .}, t k ∈ R ≥0 , which contains the initial time t 0 and all times at which transitions occur. For a given series of inputs
Two characteristics of this semantics are important: (a) A transition can occur for an arbitrary continuous state χ(τ ) in g((z k , •)), but it must be taken before the guard set is left. (This construction is suitable, e.g., to model by g((z k , •)) that the state which triggers the transition (a threshold) can only be measured with a limited precision.) (b) The discrete input v k can be changed with a transition, but is constant otherwise.
The control task for this setting is defined as follows:
Def. 2: Given are:
• an initial state set Σ 0 with (z 0 , x 0 ) ∈ Σ 0 , z 0 ∈ Z, x 0 ∈ X 0 with a bounded polyhedral set
state sets Σ F,j with (z, x) ∈ Σ F,j , such that z ∈ Z, x ∈ X F,j with a bounded polyhedron
The synthesis task is to find a control strategy (v 0 , v 1 , v 2 , . . .) for HA such that the corresponding feasible run starting from every (z 0 , x 0 ) ∈ Σ 0 leads into Σ G (goal attainment), while no state (z, x) ∈ Σ F,j , Σ F,j ∈ Σ F is encountered (safety property).
To simplify the further description, the open system HA is rewritten as a closed system that includes all possible control strategies: Since any v k ∈ V z can possibly be applied in z ∈ Z, the closed system is defined with an extended location set containing pairs (z, v) with v ∈ V z :
Def. 3: For HA as in Def. 1, the corresponding closed hybrid automaton is defined by:
c , f c ) with:
The semantics for HA c with extended hybrid states (z c , x) is obvious from Def. 1. The control task according to Def. 3, is reformulated for HA 
SYNTHESIS BASED ON ABSTRACTION REFINEMENT
The scheme of the procedure to synthesize a control strategy for C is shown in Fig. 1 , and can be summarized as follows: First, an abstract model A (0) is obtained from C by an appropriate abstraction function (see Sec. 3.1). The latter essentially transfers the discrete dynamics of C to A (0) , abstracts from the continuous part, and accounts for the state sets which are relevant for the specification (Σ 0) . A candidate path is a run of A (0) which leads from an abstract initial state to an abstract goal state, while not encountering an abstract forbidden state (Sec. 3.2). Since each abstract state in a candidate path corresponds to a location z c = (z, v) of C, it implicitly represents a control strategy (v 0 , v 1 , v 2 , . . .). The following step of validation determines whether CP can be realized for C in the sense that every hybrid state reached along the corresponding abstract states in CP is eventually transferred into the goal set. As further explained in Sec. 3.3, the validation comprises the application of three different methods with different computational costs in order to reduce the overall effort. If CP is validated, a possible control strategy is found, and the procedure terminates (or can be resumed to search for another alternative strategy). If CP is found to be invalid, the strategy is rejected, and the procedure continues with a refinement step (Sec. 3.4). It first checks, if for the particular state of CP , in which the latter was found to be invalid, any evolution of C which corresponds to the transition in A (i) exists at all (connectivity check ). If not, the transition is removed from A (i) (i is the iteration index). An additional optional means to update A (i) is to split states according to the validation result, if the third validation method (flowpipe enclosure) was applied. It adds details to A (i) in the sense that reachability information obtained from evaluating C is transferred to A (i+1) .
The updated abstract model is searched for another candidate path, and the cycle of searching, validation, and refinement continues, until a suitable control strategy is found, no further candidate path can be determined, or an upper bound on the number of iterations is exceeded.
Abstraction
The abstraction step resembles the one used in (Clarke et al., 2003) In order to obtain A (0) = (Ŝ,Ŝ 0 ,Ê) as a model of the type T S such it represents an abstraction of C, an abstraction function α : Z × X →Ŝ is defined as follows:
(1) A stateŝ 0 ∈Ŝ 0 is introduced for any z c ∈ Z such that it corresponds to all (z c , x) with z c ∈ Z c F,j and x ∈ X F,j (3)Ŝ follows fromŜ :=Ŝ ∪Ŝ 0 ∪Ŝ F withŜ such that ∃ŝ ∈Ŝ for any z c ∈ Z c ;ŝ ∈Ŝ represents the states (z c , x) with: 
These assignments map every hybrid state of C onto at least one discrete state of A, and each transition of C has a correspondence in A. Thus, also every run of C corresponds to a run of A, such that the latter is an abstraction of the hybrid model.
Search for a Candidate Path
A candidate path can now be defined as a particular run of A:
Def. 4: Given the model A with the setsŜ 0 , S F , andŜ G , a candidate path of A is a run CP = (ŝ 0 ,ŝ 1 , . . . ,ŝ p ) withŝ 0 ∈Ŝ 0 ,ŝ p ∈Ŝ G , and s j / ∈Ŝ F for all j ∈ {0, 1, . . . , p}.
To determine CP , a standard reachability algorithm using breadth-first search is applied. It returns one of the shortest candidate paths existing for the current abstract model in each iteration.
Validation
The validation aims to check for every pair (ŝ k ,ŝ k+1 ) of subsequent states of CP (and the intermittent transition (ŝ k ,ŝ k+1 ) ∈Ê) if a corresponding behavior of C exists in the following sense: In Fig. 2 , let the set I ⊆ inv(z c k ) mark the set of hybrid states represented byŝ k , and inv(z c k+1 ) the set represented byŝ k+1 . In order to validate the pair (ŝ k ,ŝ k+1 ) of CP as being a feasible step of a control strategy, each continuous state x ∈ I must be transformed into inv(z ). This refers to the case marked by (b) in Fig. 2 ; if the case (a) occurs, i.e. the trajectory does, e.g., not enter the guard set, then the step (ŝ k ,ŝ k+1 ) of CP does not encode a feasible control strategy.
